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Abstract

In this article we present a new method for visual face
tracking that is carried out in wavelet subspace. Firstly,
a wavelet representation for the face template is created,
which spans a low-dimensional subspace of the image
space. The video sequence frames where the face is tracked
are then orthogonally projected into this low-dimensional
subspace. This can be done efficiently through a small
number of applications of the wavelet filters. All further
computations are performed in wavelet subspace, which is
isomorphic to the image subspace spanned by the sets of
wavelets in the representation. Robustness w.r.t. facial ex-
pression and affine deformations, as well as the efficiency
of our method, are demonstrated in various experiments.

1. Introduction

This paper addresses the issue of affine real-time face
tracking. Real-time (RT, 25/30 Hz) is a major requi-
site for many human-computer-interface (HCI) and surveil-
lance applications, as well as for tele-conferencing and tele-
teaching tasks. For gesture, gaze and pose estimation appli-
cations, tracking has to be not only fast, but also precise.
A variety of tracking approaches already exists [5, 2, 1].
In this work, we will use Gabor Wavelet Networks (GWN)
[6, 4] in order to represent the face to be tracked. It is worth
saying that we have already discussed a GWN-based real-
time tracking method in [5]. The method discussed in the
present paper differs from that approach in the sense that it
is performed in a low-dimensional wavelet subspace, pos-
ing a considerable enhancement in terms of efficiency.

Gabor Wavelet Networks (GWN) combine the advan-
tages of RBF networks with the advantages of Gabor
wavelets. Objects are represented through a linear combi-
nation of Gabor wavelets where the parameters of each of
the Gabor functions (such as orientation, position and scale)
are optimized to reflect the particular local image structure.

The use of Gabor Wavelet Networks has several advantages,
namely:

1. By their very nature, Gabor wavelet networks are in-
variant to some degree to affine deformations and ho-
mogeneous illumination changes,

2. Gabor filters are good feature detectors [8, 9] and the
optimized parameters of each Gabor wavelet reflect the
underlying image structure,

3. The Gabor wavelet weights are directly related to the
Gabor filter responses and thus also reflect the under-
lying local image structure,

4. The precision of the representation can be varied to
any desired degree ranging from a coarse to an al-
most photo-realistic representation by simply varying
the number of used wavelets. Depending on the avail-
able computer power and the necessary tracking preci-
sion, the number of wavelets can be dynamically var-
ied.

Properties 2-4 allow us to define a subspace of the image
space. Its basis is given by the selectively chosen Gabor
wavelets. Property 4 allows an easy projection of any im-
age into the subspace, while property 3 assures the great
sparseness of the wavelet representation. We will discuss
each single point in section 2. In section 3, we will in-
troduce our subspace tracking approach, discuss the details
and conclude the paper with the experiments in section 4
and concluding remarks.

2. Introduction to Gabor Wavelet Networks

The basic idea of the wavelet networks was first stated in
[11], and the use of Gabor functions is inspired by the fact
that they are recognized to be good feature detectors [8, 9].

To define a GWN, we start out, generally speaking, by
taking a family of � odd Gabor wavelet functions ���
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Figure 1. Face images reconstructed with different number of wavelets�	��
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with MN� 0 2 / � 2�: � 8 � -J/ � - : 4PO . Here, 2 / , 2�: denote the trans-
lation of the Gabor wavelet, -Q/ , - : denote the dilation and8 denotes the orientation. The choice of � is arbitrary
and related to the degree of desired representation precision
of the network. In order to find the GWN for a functionR%SUT A 0WV A 4 (

R
dc-free, w.l.o.g.) the energy functionalX � Y ;F<
�Z\[ ]^Z

for all _@` R &ba _dc _ ��
 Z ` AA (2)

is minimized with respect to the weights c _ and the wavelet
parameter vector M _ . The two vectors�e� 0 ��
�I�	���	�f����
�� 4 O and gh� 0 cji �	���	�f� c�k 4 O
define then the Gabor wavelet network 0 � � g 4 for functionR

.
In other words, considering a discrete image I1, a Ga-

bor wavelet network is defined through a � -dimensional
vector of weights c _ and a � -dimensional vector of Ga-
bor wavelets

��
 Z
, where the weights c _ and the parameter

vectors M _ are chosen such that the weighted sum of Gabor
wavelets

��
 Z
approximates the discrete gray value image l

optimally.
From the optimal wavelets � and weights g of the Ga-

bor wavelet network, the function
R

can be (closely) recon-
structed by a linear combination of the weighted wavelets:mR � ka _=n i c _

��
 Z �e� O g �
1We use the notation oQpWqQpPr1rPr to generally refer to continuous func-

tions, while we use sIputJp�r�rPr when we explicitly refer to discrete gray value
images.

Clearly, the quality of the image representation and recon-
struction depends on the number � of wavelets and can be
varied to reach almost any desired precision. An example of
reconstruction can be seen in fig. 1. In this example, a fam-
ily of

* (	v wavelets has been distributed over the inner face
region of the very right image l by minimizing equation
(2). Different reconstructions

ml obtained by the application
of equation (3) for different values of � are shown.

2.1. Direct Calculation of Weights

The weights c _ of a GWN are directly related to the lo-
cal filter responses of the Gabor filters

� 
�Z
. Gabor wavelet

functions are not orthogonal, thus implying that, for a given
family � of Gabor wavelets, it is not possible to calculate
a weight c _ by a simple projection of the Gabor wavelet��
 Z

onto the image. In fact, a family of dual waveletsw�e� � w��
@�x�	��� w�y
�z� has to be considered. The wavelet
w��
|{

is the dual wavelet of the wavelet
�}
 Z

iff ~ ��
 Z � w�y
|{�� ��� _ [ � .
With

w��� 0 w� 
 �I���	���f� w� 
 � 4�O , we can write + ~�� � w� � ? � ( � .
In other words, given � S�T A 0�V A 4 and a GWN ����	��
�I�����	�f����
����

, the optimal weights for � that minimize
the energy in eq. (2) are given by c _ ��~.� � w�y
 Z � . It can
be shown that

w��
 Z ��� � � ��� i � _ [ � ��
|{ , where � _ [ � �~ ��
 Z �1��
B{�� .
The above equations allow us to define the operator�#��� T A 0WV A 4�� &^��� 0 ��
�J�	���	�x����
�� 4>� (3)

as follows: given a set � of optimal wavelets of a GWN, the
operator

���
represents an orthogonal projection of a func-

tion � onto the closed linear span of � (see eq. (3) and fig.
2), i.e.m�'� �#� 0 � 4 ��� w����� ka _Fn i c _

��
 Z
, with g��d� w� � (4)

3. Face Tracking in Wavelet Subspace

The wavelet representation described in the previous sec-
tion may be effectively used for affine face tracking. Basi-
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Figure 2. A function � SªT A 0�V A 4 is mapped by
the linear mapping

w� into the vector g S V k .
The mapping of g into

T A 0WV A 4 is achieved with
the linear mapping � . Both mappings consti-
tute an orthogonal projection of a function� SHT A 0�V A 4 into the subspace � � �¬« T A 0�V A 4 .

cally, this task is achieved by affinely deforming a GWN so
that it matches the face image in each frame of a video se-
quence. The affine deformation of a GWN is carried out by
considering the entire wavelet network as a single wavelet,
which is also called superwavelet [5]. Let 0 � � g 4 be a
Gabor wavelet network with �� 0 ��
@�J���	���x�1�y
� 4�O andg�� 0 cji ���	���f� c�k 4PO . A superwavelet � 
 is defined as a
linear combination of the wavelets

�}
 Z
such that� 
 0.®�4 � a _ c _ ��
 Z 0\¯x°N0.® &9± 4�4 � (5)

where the vector M²� 0 2 / � 2 : � 8 � - / � - : � - / : 4 2 defines the
dilation matrix ¯ , the rotation matrix ° and the transla-
tion vector ± , respectively. The affine face tracking is then
achieved by deforming the superwavelet � 
 in each frame³

, so that its parameters M are optimized with respect to the
energy functional E (see eq. (2)):X �´Y ;=<
 ` ³ & � 
 ` AA (6)

Clearly, this method performs a typical pixel-wise pat-
tern matching in image space, where the template corre-
sponds to the wavelet representation, which is affinely dis-
torted to match the face in each frame. It is interesting
to note that the wavelet weights c _ (see eq. (5)) are con-
stant under the deformation of the template. Therefore, the
affine deformation is captured only by the deformation of
the wavelets, while the weight vector remains invariant.

We thus claim that the tracking in image space described
above may also be achieved in the low-dimensional spaceV k , which is isomorphic to the image subspace � � � , as
illustrated by fig. 2. As it can be seen there, both spaces are
related through the matrices � and

w� , respectively.
As the first step, consider a GWN 0 � ��µ 4 that is opti-

mized for a certain face image. As previously mentioned,

2To include the shear in the parameter set of the wavelets, see [5].

the optimal weight vector
µ

is obtained by an orthogonal
projection of the facial image into the closed linear span of� . Hence, we say that the face template was mapped into
the weights

µ S V k , which we will call reference weights.
We mentioned before that the wavelet template gets

affinely deformed for tracking in image space. Analo-
gously, the tracking in wavelet subspace is performed by
affinely deforming the subspace � � � , until the weight
vector g S V k , obtained by the orthogonal mapping of the
current frame into this subspace, is closest to the reference
weight vector

µ
. In fact, this procedure performs roughly

the same pattern matching as before, but this is done effi-
ciently in the low-dimensional space V k .

The mapping of images into V k is carried out with low
computational cost through a small number of local fil-
trations with the wavelets. Recall from section 2.1 thatc _ �¶~�l � w� 
|Z � , where

w� 
�Z � � � � ��� i � _ [ � � 
 { . This is
equal to the following equation:

c _ � a � � � � i � _ [ � ~Wl �1� 
 {��·� (7)

Thus, the optimal weights c _ are derived from a linear com-
bination of wavelet filtrations, where the coefficients are
given by the inverse of matrix � _ [ � ��~ � 
|Z �1� 
 {!� . It can
be shown that the matrix � _ [ � is, except for a scalar fac-
tor, invariant with respect to affine transformations of the
wavelet network. It can therefore be computed off-line and
beforehand. Hence, the weights c _ are computed efficiently
with eq. (7) through a local application ~�l ���¸
 Z � of each of
the � Gabor wavelets

��
 Z
, followed by a �¶¹9� matrix

multiplication.
Let Mº� 0 2 / � 2 : � 8 � - / � - : � - / : 4 be an affine parameter

vector which configures a parameterization for the subspace� � � . As we described before, tracking in wavelet sub-
space is achieved by gradually changing these parameters
until the projection of the current frame

³
onto g S V kis closest to the reference weights

µ
. In other words, we

must optimize the parameters M with respect to the energy
functional:X � Y ;=<
 ` µ & g ` � with (8)

c _ � a � (- / E - : � � � i � _ [ � ~ ³ �1��
B{ 0�¯�°»0.® &9± 414 � (9)

where ¯ is the dilation matrix, ° is the rotation matrix
and ± is the translation vector, all defined through the vec-
tor 0 2 / � 2�: � 8 � -	/ � - : � -J/ : 4 . During tracking, this optimiza-
tion is done for each successive frame. As there is not
much difference between adjacent frames, the optimiza-
tion is fast. To minimize the energy functional (8), the
Levenberg-Marquardt algorithm was used.

In equation (8) we used the notation ` µ & g ` � to re-
fer to a distance between vectors

µ
and g of the subspace



� � � . However, it is not yet clear how this distance mea-
sure should be calculated. One could use the Euclidean dis-
tance between two vectors, as done in [10]. However, that
distance measure misses any interpretation in this context
and all wavelets are treated as equal, even though they might
be of different scales.

Therefore we propose a different distance measure,
which is based on the Euclidean distance between the two
corresponding points in the wavelet subspace � � � . We
thus define the difference ` µ & g ` � as the Euclidean dis-
tance between the two respective images

mR
and

m� :
` µ & g ` � � ` �#� 0 R 4 & �#� 0 � 4 ` A� ` ka _=n ix¼ _

��
 Z & ka� n i c
���y
|{ ` A (10)

Various transformations lead to

` µ & g ` � � ½¾ a _ [ � 0 ¼ _
& c _ 4�0 ¼

� & c � 4 ~ ��
 Z ����
B{!��¿À
�Á

� 0 µ & g 4PÂ � _ [ � 0 µ & g 4 � (11)

The matrix of pairwise scalar products � _ [ � �»~ ��
 Z ����
B{�� is
the same matrix as the one in section 2.1 and eq. (7). Note
that if the wavelets

�J� 
|Z �
were orthogonal, then � would

be the unity matrix and eq. (11) would describe the same
distance measure as proposed in [10].

Compared to tracking in image space, the method pre-
sented here poses a considerable enhancement in terms of
efficiency, as it provides a great data reduction, considering
that tracking is performed in a low dimensional wavelet sub-
space. Moreover, it spares out the computationally demand-
ing template reconstruction and pixel-wise sum-of-squared-
difference computation required in the image-based track-
ing.

4. Experiments

The proposed approach for affine face tracking was suc-
cessfully tested on various image sequences. All test se-
quences showed a person in motion, more or less frontal to
the camera, so that the facial features are always visible.

Our experiments demonstrate the ability of our method
to track a face as it undergoes changes in pose and expres-
sion. Although we have represented the face as a rigid ob-
ject undergoing limited motion, we realized that different
face expressions and small depth variations exhibited by
facial features are enough to be well-approximated by the
affine wavelet model. Furthermore, since Gabor wavelets
are DC free, our approach also showed robustness with re-
spect to homogeneous illumination variations.

Concerning tracking precision, we have evaluated the
proposed method with respect to the number of wavelets
used in the representation. As the first step, we recorded a
video sequence that shows a person under different poses
and facial expressions 3. On the face of that person, a GWN
with 116 Gabor wavelets was optimized and used to esti-
mate the “ground truth” affine parameters in each frame.
Figure 3 illustrates some frames of our subspace tracking re-
sults, using this wavelet representation. Note that the track-
ing method is robust to facial expressions variations as well
as affine deformations of the face image.

Now, we want to analyze the decrease of precision when
using a smaller number of wavelets in the representation.
For that, from the large GWN above, GWNs that contained
only the largest 51, 22 and 9 wavelets, sorted according to
decreasing normalized weights, were used for tracking. The
graphs in figure 4 depict the estimation of the face parame-
ters x-position, y-position and angle 8 as well as the ground-
truth in each frame.

In the graphs we can see that the tracking precision in-
creases with an increasing number of applied wavelets. On
the other hand, the tracking speed is improved when the
number of wavelets is small. Clearly, the number of applied
wavelets is task dependent and can be dynamically changed.

The resolution of the image frames showed in figure
3 is 160x120 pixels and the size of the inner face re-
gion in which the GWN was optimized is 50x65 pix-
els. Using only 9 wavelets, the computing time for each
Levenberg-Marquardt cycle was 15ms on a 1GHz Linux-
Athlon. Higher performance is achieved for smaller face
regions, or fewer parameters (e.g. just translation and ro-
tation). It is worth saying that the number of cycles for
each frame depends on the distance of the initial parame-
ters from the local minimum, which is directly related to
object speed. Increasing the number of wavelets in the rep-
resentation leads to a more precise but slower tracking. For
instance, using 51 wavelets, a computing time of 85ms per
cycle was required in each frame.

Our method is closely related to the one presented in [5].
In comparison to that method we observed in our experi-
ments a speedup of a factor two for each single Levenberg-
Marquardt cycle, but with a slight increase in the number
of needed cycles. However, we do believe that the use of
other algorithms, such as the Condensation method [3] or
the Sequential Importance Sampling (SIS) method [7], will
even lead to better results in terms of efficiency.

5. Conclusions

In this paper we have presented a tracking method, that
is based on Gabor Wavelet Networks. The GWNs are in-

3see http://www.ime.usp.br/˜rferis



Figure 3. Sample frames of our wavelet subspace tracking. Note that the tracking method is robust
to facial expressions variations as well as affine deformations of the face image.

variant to affine deformations so that they leave the refer-
ence vector of a template face constant. Furthermore, the
direct relationship between the wavelet coefficients and the
wavelet filter responses, which is widely used for multi-
resolution analysis and for motion estimation, allows to map
an image into the low-dimensional space V k , where all sub-
sequent computations can be carried out. Furthermore, the
careful selection of the wavelets for defining a GWN en-
sures that almost all visual information is preserved (see fig.
1 and [4]).

The method has the further advantage, that its precision
and computation time can be adapted to the needs of a given
task. When fast and only approximate tracking is needed,
a small number of filtrations is usually sufficient to realize
tracking. When high precision tracking is needed, the num-
ber of wavelets can be gradually increased. This implies on
the one hand more filtrations, but ensures on the other hand
a higher precision, as we have shown in the experimental
section.

So far, the optimization of the wavelet networks has been
done with a Levenberg-Marquardt algorithm. We think that
the application of Condensation or Sequential Importance
Sampling (SIS) instead would lead to a further speed-up.
This will be evaluated in future work.
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Figure 4. Estimation of the face parameters x-position, y-position and angle 8 in each frame, using
GWNS with 9, 22 and 51 wavelets. The ground-truth is depicted to illustrate the decrease of precision
when considering few wavelets.


